Abstract. In this paper we first investigate the existence of the generalized Fourier-Feynman transform of the functional F given by
Introduction
Let C 0 [0, T ] denote one-parameter Wiener space. The concept of an L 1 analytic Fourier-Feynman transform(FFT) for functionals on Wiener space C 0 [0, T ] was introduced by Brue in [1] . This transform and its properties are similar in many respects to the ordinary Fourier function transform. Further works involving the L 2 -L 2 theory and the L p -L p ′ theory, 1/p + 1/p ′ = 1, includes [2, 14] . In [10] , Huffman, Park and Skoug defined a convolution product for functionals on Wiener space, and they obtained various results for the analytic FFT and the convolution product [10] , [11] , [12] . Also see the references in [16] for further informations and results.
In [9] , Chang and Skoug defined a generalized analytic Fourier-Feynman transform(GFFT) for functionals on very general function space C a,b [0, T ]. The function space C a,b [0, T ], induced by generalized Brownian motion process, was introduced by J. Yeh [17, 18] and was used extensively by Chang and Chung [7] , Chang and Skoug [9] , and Chang, Chung and Skoug [8] . The GFFT theory on C a,b [0, T ] have been developed in many papers including [3, 5, 6, 9] .
In this paper we investigate the existence of the GFFT for bounded cylinder functionals of the form F (x) =ν((e 1 , x) ∼ , . . . , (e n , x) ∼ ),
where (e, x) ∼ denotes the Paley-Wiener-Zygmund stochastic integral with x in function space C a,b [0, T ] andν is the Fourier transform of complex measure ν on B(R n ) with finite total variation. We define sequential P and N function space transforms of such cylinder functionals. We then study relationships between the sequential P-transform and the GFFT of the functionals on C a,b [0, T ] and present a version of the inverse GFFT via the sequential N -transform.
The Wiener process used in [1] , [2] , [10] , [11] , [12] , [14] is free of drift and stationary in time while the stochastic process used in this paper, as well as in [3] , [4] , [5] , [6] , [7] , [8] , [9] is nonstationary in time and is subject to a drift a(t). 
Preliminaries
Let D = [0, T ] and let (Ω, W, P ) be a probability measure space. A realvalued stochastic process Y on (Ω, W, P ) and D is called a generalized Brownian motion process if Y (0, ω) = 0 almost everywhere and for 0 = t 1 < t 2 < · · · < t n ≤ T , the n-dimensional random vector (Y (t 1 , ω), . . . , Y (t n , ω)) is normally distributed with density function
} , 
A subset B of C a,b [0, T ] is said to be scale-invariant measurable [13] provided ρB ∈ W(C a,b [0, T ]) for all ρ > 0, and a scale-invariant measurable set N is said to be scale-invariant null provided µ(ρN ) = 0 for all ρ > 0. A property that holds except on a scale-invariant null set is said to be hold scale-invariant almost everywhere(s-a.e.). If two functionals F and G are equal s-a.e., we write F ≈ G.
In this paper, as in [3] , [4] , [5] , [6] , [8] , [9] , we consider the incomplete function space (C a,b 
, µ) and we denote the function space integral of a B (C a,b 
whenever the integral exists.
Let L 
where |a|(t) denote the total variation function of a(t). The inner product on 
, the Paley-Wiener-Zygmund(PWZ) stochastic integral ⟨v, x⟩ is given by the formula
is a separable Hilbert space. Note that the two separable Hilbert spaces L , and that (w, αx)
∼ 's are independent. From these we obtain the following integration formula for the function space
in the sense that if either side of equation (2.1) exists, both sides exist and equality holds. Throughout this paper, let C, C + andC + denote the complex numbers, the complex numbers with positive real part, and the nonzero complex numbers with nonnegative real part, respectively. For each λ ∈C + , λ −1/2 (or λ 1/2 ) is always chosen to have positive real part. The following integration formula is used several times in this paper:
} for complex numbers α and β with Re(α) > 0.
Bounded cylinder functionals
In this section, we introduce a class of certain bounded cylinder functionals and state the concepts of the generalized analytic Feynman integral and the GFFT on function space C a,b [0, T ]. We then establish the existence of the GFFT of such cylinder functionals.
A functional F is called a cylinder functional on
where ϕ is a complex-valued Borel measurable function on R m . It is easy to show that for given cylinder functional F of the form (3.1) there exists an orthonormal subset {e 1 
where f is a complex-valued Borel measurable function on R n . Thus we lose no generality in assuming that every cylinder functional on
It is well known that a complex-valued Borel measure ν necessarily has a finite total variation ∥ν∥, and M(R n ) is a Banach algebra under the norm ∥ · ∥ and with convolution as multiplication.
For ν ∈ M(R n ), the Fourier transformν of ν is a complex-valued function defined on R n by the formula
where
whereν is the Fourier transform of ν in M(R n ). Then F is a bounded cylinder functional and |ν(⃗ u)| ≤ ∥ν∥ < +∞. Throughout this paper, we fix the positive integer n.
Next (see [9, 5, 6, 4] ) we state the definition of the generalized analytic Feynman integral and the GFFT.
is defined to be the analytic function space integral of F over C a,b [0, T ] with parameter λ, and for λ ∈ C + we write
Let q ̸ = 0 be a real number and let F be a functional such that E an λ [F ] exists for all λ ∈ C + . If the following limit exists, we call it the generalized analytic Feynman integral of F with parameter q and we write
where λ → −iq through values in C + .
if it exists; i.e., for each ρ > 0,
if it exists.
We note that for 1
From the definition of the L 1 analytic GFFT, we can see that for q ∈ R − {0}, [5, 9] .
exists and is given by the formula
Proof. Using (2.1), the Fubini theorem, and (2.2), it follows that the equation (3.7) holds for all ζ ∈ C + . □ For convenience we use the following notation throughout this paper:
Theorem 3.5. Let F be given by the equation (3.4) . Then for all λ ∈ C + , T λ (F ) exists and is given by the formula
where ψ ⃗ e (λ; ⃗ v) is given by the equation (3.8).
Proof. By (3.4), (3.3), the Fubini theorem, (3.7) with ζ replaced with λ −1/2 , and (3.8), we have that for all λ > 0,
Now let
for λ ∈ C + . Then J * (λ) = J(λ) for all λ > 0. We will use the Morera theorem to show that J * (λ) is analytic on
and Re(λ l ) ̸ = 0 for all l ∈ N. Thus we have that for each l ∈ N,
Thus, by Theorem 4.
for all rectifiable simple closed curve △ lying in C + . Thus by the Morera theorem, J * (λ) is analytic on C + . Therefore the analytic function space integral
exists and is given by equation (3.9). □
Generalized Fourier-Feynman transform
The remark below will be very useful in the development of our results for the GFFT of functionals given by equation (3.4). q (F ) will always exist for all real q ̸ = 0 and be given by the formula
However for a(t) as in Section 2, and proceeding formally using equations (3.4) and (3.9), we see that T
q (F )(y) will be given by equation (4.2) below if it exists. But the integral on the right-hand side of (4.2) might not exist if the real part of
is positive. However, by Cauchy-Schwartz inequality,
and so the L 1 GFFT T
q (F ) of F will certainly exist provided the associated measure ν of F satisfies the condition ∫ 
q (F ) exists and is given by the formula
where ψ ⃗ e (−iq; ⃗ v) is given by the equation (3.8).
Proof. Let {λ l } ∞ l=1 be a sequence in C + such that λ l → −iq through C + . Then ψ ⃗ e (λ l ; ⃗ v) converges to ψ ⃗ e (−iq; ⃗ v). By Theorem 3.5,
exists for all l ∈ N. Since |arg(λ
)| for every l ∈ N and there exists a sufficiently large
and so, by condition (4.1) with q replaced with q 0 ,
Also, by condition (4.1) with q replaced with q 0 , we have ∫
Hence by (3.5), (3.9) and the dominated convergence theorem, we have the equation (4.2) . □
The following corollary follows from equations (3.6) and (4.2). Proof. It was shown in the proof of Theorem 3.5 that T λ (F )(y) given by equation (3.9) is an analytic function of λ throughout C + . In view of the definition of the L p analytic GFFT, it suffices to show that for each ρ > 0,
Given positive real number q 0 > 0, let Γ q0 = {λ ∈C + :
and for all λ ∈ Γ q0 ,
Fixing p ∈ (1, 2] and using inequalities (4.3) and (4.1), we obtain that for all ρ > 0 and all λ ∈ Γ q0 ,
Hence by the dominated convergence theorem, we see that for all p ∈ (1, 2] and all ρ > 0,
which concludes the proof of Theorem 4.4. □
Sequential function space transforms
In this section, we introduce two (non-analytic) sequential transforms of cylinder functionals discussed in Sections 3 and 4. We establish that the one is to identify the GFFT and the another transform acts like an inverse GFFT.
For an orthonormal subset {e 1 
} .
Definition 5.1. Let F and {e 1 , . . . , e n } be related by the equation (3.2) and let q be a nonzero real number. We define the sequential P-transform of F with parameter q (if it exists) by
is any sequence in C + with λ l → −iq. We also define the sequential N -transform of F with parameter q (if it exists) by 
In our next theorems we establish the existence of the sequential P and N -transforms of functional F given by equation (3.4) . Let F and {e 1 , . . . , e n } be related by the equation (3.4) . Let q 0 be a positive real number. Suppose that the associated measure ν of F satisfies condition (4.1) with q replaced with q 0 . Then for all real q with |q| > q 0 , the sequential P-transform of F , P ⃗ e,q (F ) exists and is given by the right hand side of equation (4.2).
Theorem 5.3.
Proof. Let {λ l } ∞ l=1 be any sequence in C + with λ l → −iq. By (3.4), (5.1), the Fubini theorem, (2.1) and (2.2), we have that for every l ∈ N,
Applying (3.10), we see that the absolute value of the last expression of (5.3) is less than
and so the function space integral given by (5. 
Next we present concluding remarks.
(1) Let F , {e 1 , . . . , e n } and q 0 be as in Theorem 5.3. Then by Theorems 4.2 and 4.4, we have that for all real q with |q| > q 0 , the GFFT T For nonzero real number q with |q| > q 0 , define a set function ν q :
where ν is the associated measure of F and ψ ⃗ e (−iq; ⃗ v) is given by the equation (3.8) . Then using condition (4.1) with q replaced with q 0 , we see that ν q is a complex measure on B(R n ) with finite total variation, and T (p) q (F ) and P ⃗ e,q (F ) can be expressed as
(2) For positive real number q and complex measure ν q discussed above, we assume ∫
Then by equations (5.4) and (5.5), we have that for all p ∈ [1, 2] and all nonzero real number q,
By similar arguments we can see that T
. That is to say, the equation (5.7) tells us that sequential transform N ⃗ e,−q plays a prominent role as an inverse transform of GFFT T (p) q for functionals F given by equation (3.4).
Examples
In this section we present several interesting functionals to apply our results in previous sections. 
Using the equation (6.1), the Fubini theorem and equation (2.2), we have that for all nonzero real number q,
and the Gaussian measure ν ⃗ m, ⃗ σ 2 satisfies conditions (4.1) and (5.6) for all q ∈ R − {0}. Thus we can apply our results in previous sections to the functionals of the form
where {e 1 , . . . , e n } is an orthonormal set in C 
q (F 1 ), the sequential P-transform P ⃗ e,q (F 1 ) and the sequential N -transform N ⃗ e,q (F 1 ) exist and are given by 
w(T ) − w(s) ) db(s).
It is easily shown that S is injective. Let Using an integration by parts formula, we see that {S * γ} is an orthonormal set in C 
x(t)db(t).
In the case n = 1, e 1 = S * γ, ⃗ m = m 1 = 0 and ⃗ σ 2 = σ 
We give the transforms studied in this paper for functional F 2 . 
x(t)db(s)
} also is a functional under our consideration because
where γ is given by equation (6.3) and δ 1 is the Dirac measure concentrated at v = b 3/2 (T )/ √ 3 in R. Clearly, δ 1 satisfies condition (4.1) and (5.6) for all q ∈ R − {0}.
We finally present the two transforms of 
a(t)db(t)
Remark 6.4. The functionals given by equations (6.4) and (6.5) arise naturally in quantum mechanics.
